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Abstract. A model operator H associated to a system of three-particles on the three 
dimensional lattice Z'^ and interacting via pair non-local potentials is studied. The follow- 
ing results are proven: (i) the operator H has infinitely many eigenvalues lying below the 
bottom of the essential spectrum and accumulating at this point, in the case, where both 
Friedrichs model operators fc^^ (0), a = 1,2, have threshold resonances, (ii) the operator 
H has a finite number of eigenvalues lying outside of the essential spectrum, in the case, 
where at least one of h^^ (0), a = 1,2, has a threshold eigenvalue. 
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1. Introduction 

The main goal of the present paper is to prove the finiteness or infiniteness of the number 
of eigenvalues for a model operator H with emphasis on the asymptotics for the number 
of infinitely many eigenvalues (Efimov's effect case). The model operator H is associated 
to a system of three-particles on the lattice interacting via pair non-local potentials. 

The Efimov effect is one of the most remarkable results in the spectral analysis for con- 
tinuous three-particle Schrodinger operators: if none of the three two-particle Schrodinger 
operators (corresponding to the two-particle subsystems) has negative eigenvalues, but at 
least two of them have a zero energy resonance, then this three-particle Schrodinger oper- 
ator has an infinite number of discrete eigenvalues, accumulating at zero. 

Since its discovery by Efimov in |8 | many works have been devoted to this subject. See, 
for example LLA2.ili9,22.23.24. 25J. 

The main result obtained by Sobolev II22I (see also |24|) is an asymptotics of the form 
Uol^oglAII for the number iV( A) of eigenvalues on the left of A, A < 0, where the coefficient 
Ho does not depend on the two-particle potentials Va and is a positive function of the ratios 
iTi2/m3 of the masses of the three-particles. 

In models of solid state physics |9' '10 '17' '18' '20',"271 and also in lattice quantum field 
theory 1 16J discrete Schrodinger operators are considered, which are lattice analogues of 
the three-particle Schrodinger operator in a continuous space. The presence of the Efimov 
effect for these operators was proved in fT 14" 151. 

In ^1 a system of three arbitrary quantum particles on the lattice Z^^ interacting via 
zero-range pair attractive (local) potentials is considered and for the number of eigenvalues 
N{X) an asymptotics analogous to f22"'241 have been obtained. 

In all papers devoted to Efimov's effect systems of three particles interacting via pair 
local potentials have been considered. 
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In the present paper we study the model operator H associated to a system of three- 
particles on I? acting in the Hilbert space L2((T'^)^) and interacting via pair non-local 
potentials, where the role of the two-particle discrete Schrodinger operators is played by a 
family of Friedrichs models with parameters /i^^ (p), a = 1, 2, p € T^. 

Under some natural conditions on the family of the operators hij,^{p), a= 1 , 2 , p e , 
we obtain the following results: 

(i) The essential spectrum of it is described via the spectr of the Friedrichs models 
^;x„b),a = l,2,pG (-7r,7r]3. 

(ii) the operator H has infinitely many eigenvalues lying below the bottom and ac- 
cumulating at the bottom of its essential spectrum, in the case, where both operators 
^ij-cc (0)) = 1,2, have threshold energy resonances. Moreover for the number N{z) of 
eigenvalues of H lying below 2; < m = inf (jess {H) the following Umit exists 

Km ,■ ^^^^ ,, =110 (0<Uo<oo). 

z^m-O I log \m, — z\\ 

(iii) the operator H has a finite number of eigenvalues lying below the bottom of its essen- 
tial spectrum in the case, where at least one of the Friedrichs models h^^ (0) , a = 1 , 2, has 
a threshold eigenvalue. 

We remark that the assertion (ii) is similar to the case of the three-particle continuous 
and discrete Schrodinger operators and the assertion (iii) is surprising. Similar assertions 
do not seem to have been yet proved for the three-particle Schrodinger operators on 
and Z3. 

The plan of this paper is as follows: 

Section 1 is an introduction to the whole work. In Section 2 the model operator H 
is introduced and the main results of the present paper are formulated. In Section 3 we 
recall concepts and results concerning the threshold analysis of the family of Friedrichs 
models. In section 4 we study the location of the essential spectrum and prove a reaUzation 
of the Birman-Schwinger principle for H. The finiteness of the number of eigenvalues of 
the operator H is proved in Section 5. In Section 6 an asymptotic formula for the number 
of eigenvalues of H is obtained. 

Throughout the present paper we adopt the following conventions: The subscript a 
(and also /3) always is equal to 1 or 2 and a ^ (3 and denotes the three-dimensional 
torus, the cube (— tt, tt]^ with appropriately identified sides. For each 5 > the notation 
C^(5(0) = € : \p\ < 6} stands for a (5-neighborhood of the origin. 

Denote by L2{^) the Hilbert space of square-integrable functions defined on a measur- 

(2) 

able set n C M", and by ^ ' (n) the Hilbert space of two-component vector functions 
/ = (/i,/2), fa e L2ifi), a = 1,2. We denote by diag{Bi,B2} the 2 x 2 diagonal 
matrix with operators Bi, B2 as diagonal entries. 

Let 'B{0, T^) with 1/2 < 6* < 1, be the Banach spaces of Holder continuous functions 
on T'^ with exponent 6 obtained by the closure of the space of smooth (periodic) functions 
/ on T"^ with respect to the norm 



sup 



\f{t)\ + \£\-'\f{t + i)-f{t)\ 



The set of functions / : T"^ ^ R having continuous partial derivatives up to order n 
inclusive will be denoted C<"'>{T^). In particular C<°^{T^) = C{T^) by our convention 
that/W(a;) = /(a;). 
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2. Three particle model operator and statement of the results 
Let us consider the operator H acting in the Hilbert space i2((T'')^) by 
(2.1) H = Ho - iiiVi ~ fi2V2, 

where 

{HoI){p,q) = u{p,q)f{p,q), f G ^^((T^f) 
and Va,a — 1,2, are non-local interaction operators 

iVif){p,q)^Mp) f ^l{t)f{t,q)dt, feL2{{T^f ), 

{V2f){p,q) = Mq) f ^2(t)f{p,t)dt, /eL2((T3)2). 

Here u is a real-valued essentially bounded function on (T^^)^ and c/Jq, a = 1, 2, are 
real-valued functions and belong to L2(T^) and a = 1, 2, are positive real numbers. 
Under these assumptions the operator H defined by \2.\\ is bounded and self-adjoint. 
Throughout this paper we assume the following additional hypotheses. 

Hypothesis 2.1. (i) The function u is even on (T"^)^ with respect to {p,q), and has a 
unique non-degenerate minimum at the point (0,0) € (T"^)^ and all third order partial 
derivatives of u belong to H{6, (T^)^), \ <0 <l. 

(a) For some positive definite matrix U and real numbers I, li, I2 {h, I2 > 0, Z 7^ 0) the 
following equalities hold 

Remark 2.2. The function u is even and has a unique non-degenerate minimum on T"^ 
and hence without loss of generality we have assumed that the function u has a unique 
minimum at the point (0, 0) G (T"^)^. 

Hypothesis 2.3. The functiompa £ C'-^\T^), a = 1,2, is either even or odd on T . 
Set 

u^p\q) ^ u{q,p), u^^\q) ^u{p,q). 

To study spectral properties of the operator H we introduce the following two families 
of bounded self-adjoint operators (the Friedrichs model) ft, (p), p € T'^, acting in L2(Tr'^) 
by 

(2-2) ft^„ ijp) = h°^{p) - flaVa, 

where 

and Vq, a = 1, 2, are non-local interaction operators 

M){q) = 'Paiq) f Vc.{i)f{t)dt, /ei2(T3). 

Remark 2.4. The spectrum and resonances of the Friedrichs model are studied in | 5lllll 
[l2||26|. 
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Let C be the field of complex numbers. Set 

ma{p)^ mill u^^^q), Ma {p) = max u^"^ (q) , 

m = min u{p,q), M = max u{p, q). 

and 

Ao(p, z)= [ ^f^^, peT^ zeC\ [niaip), aUp)]- 

Remark 2.5. Note that by part (i) of Hypothesis UH] all third order partial derivatives 
of the function Aq(-,z), z < to, belong to 'B{0,T^) and if z = m, then Aq(-,to) is 
continuous in . 

In order to prove the finiteness and infiniteness of eigenvalues below the bottom of the 
essential spectrum of H we assume the following 

Hypothesis 2.6. Assume that the function Aq(-, to) has a unique maximum at the origin 
such that for some c > the following inequality holds 

A„(0,to)- A,(p,to) > cIpP, O^peUsiO). 

Recall (see, e.g., f2T"2 |) that a complex-valued bounded function e : T"^ ^ C is called 
conditionally negative definite if e{p) — e{—p) and 



s{Pi ~Pj)ziZj < 



for any n e N, for all pi,p2, ■ ■ ■ ,Pn G T'' and all z — {zi,Z2, ■ ■ ■ , Zn) G C" satisfying 

Er=i = 0. 

Remark 2.7. Assut^ie that e{-) is a real-valued conditionally negative definite function on 
T'^ having a unique non-degenerate minimum at the origin and such that all third order 
partial derivatives of £{■) are continuous and belong to 'B{9, T^). Let the function u{-, •) 
be of the form 

u{p, q) = e{p) + e{p - q) + e{q). 
Then Hvpotheses [2.1\ and \2.6\ are fulfilled (see Lemma 5.3 in f5\). 

Definition 2.8. Let part (i) of Hypothesis^n\be fulfilled and let ipa &'B{9,T^), ^ <0 < 
1. The operator h^^ (0) is said to have a threshold energy resonance if the number 1 is an 
eigenvalue of the operator 

Jt^ Uq '{t) — m 

and the associated eigenfunction (up to constant factor) satisfies the condition "0(0) 7^ 0. 

Remark 2.9. Let part (i) ofHvDothesis \2.1\ be fulfilled and let 0?^ G CB(6',T^), ^ < 9 < I. 

( i) Iftpa (0) 7^ and fia — fi^j f^^" operator h^o (0) has a threshold energy resonance 
and the function 

(2.3) f{q) = , 

Uq (q) — TO 

obeys the equation h^o (0)/ — mf and f G Li(T^) \ L2{T'^) (see Lemma UHl . 

(ii) lf(pa{0) = and /io = then the operator /i^o (0) has a threshold eigenvalue and 
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the function f, defined by ( I2.3I I. obeys the equation ft,^o (0)/ — mf and f G L2{T'^) (see 
LemmaUjl. 



Let Tess (H) be the bottom of the essential spectrum and N{z) be the number of eigen- 
values of H lying below z < Tess (H) . 
Set 

The main results of the present paper are as follows: 

Theorem 2.10. Let Hvpotheses Uj\ and \2J\ be fulfilled and — a = 1,2. 

(i) Assume that HvDothesis \2.6\ is fulfilled and (pi{0)(p2{0) — 0. Then the operator H has 
a finite number of eigenvalues outside of the essential spectrum. 

(ii) Assume (pa{0) ^ for any a — 1. 2 and that Hvnothesis U^ is fulfilled. Then the 
discrete spectrum of H is infinite and the function N{-) obeys the relation 

(2.4) lim ^^^^ ,, = Uo (0<Uo<oo). 

z^m-O I log |to — z|| 

Remark 2.11. In fact in |5| a result analogue, to part (i) of Theorem 12.701 has been 
proven for the three-particle Schrddinger operators on the lattice 1? in the case, where the 
function u{-,-) is of the fa nn 

u{p, q) = e{p) + £{p -q) + e{q), 

and 

= 3 - cosqi - cosq2 - cosq^, q = (51,92,93) G T^, 

ipa{-) = const. 

Remark 2.12. The constant Uq does not depend on the functions tpa and is given as a 
positive function depending only on the ratios ~ 1,2. 

Remark 2.13. Clearly, the infinite cardinality of the discrete spectrum of H lying on the 
l.h.s. of m follows automatically from the positivity of Uq. 

Remark 2.14. Notice that under assumptions ofTheorem YZ.KM or all nonzero p e T"^ the 
operator h^o (p) — ml is strictly positive and so that the operator h^o (0) corresponding 
to zero value ofp is a unique operator whose spectrum attains the bottom of the essential 
spectrum of H. Moreover the essential spectrum a^ssiH) of H consists only of the three- 
particle continuum [m, M]. 

3. Threshold analysis of the family of Friedrichs models /i^^ [p] 

In this section for the reader's convenience we recall some results concerning the fami- 
lies of Friedrichs models /i^^ (p), p gT^, defined by i2.2\ . from the paper [5]. 

In accordance to Weyl's theorem the essential spectrum of the operator ft,^^ {p) fills the 
following interval on the real axis: 

(V(P)) = ["^a(p),M„(p)]. 

For any p E T'^ we define an analytic function Ap^(p, •) (the Fredholm determinant 
associated to the operator ft,^^ (p)) on C\[toq(p), Ma(p)] by 

The following lemma describes whether the bottom of the essential spectrum of /i^o (0) 
is a threshold energy resonance or a threshold eigenvalue. 
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Lemma 3.1. Assume part (i) of Hvpothesis \2.]\ and ipa G 23(^?, T ). 

( i) For any > and p G the operator h^^ (p) has an eigenvalue z G C \ 
[rna{p),Mc{p)] ifandonlyifAf_^^{p,z) = 0. 

(ii) the operator /i^^ (0) has a threshold energy resonance (resp. threshold eigenvalue) if 
and only if Pa — l^oP and (pa{0) 0(resp. (pa{0) = 0). 

The following Lemma l3T2l plays a crucial role in the proof of the infiniteness (resp. 
finiteness) of the number of eigenvalues lying below the bottom of the essential spectrum 
for a model operator H associated to a system of three-particles on the lattice interacting 
via pair non-local potential. 

Lemma 3.2. Assume that Hvpotheses Uj\ and U~3\ are fulfilled. 

(i) Let the operator /i^o (0) have a threshold energy resonance. Then: 

(ii) for all p G Us{0) and z < m the following expansion holds 

II det(C/)2 

where AJ^^* (ma (p) — z) — 0{{ma{p) — z)^) as niaip) — z ^ 0, z < ma{p), and 
AJ^^'*(p, z) — 0{p^) as p Q uniformly in z < niaip); 
{12) for some ci, C2 > the inequalities 

ciIpI < A^o(p,m) < C2|p|, pG[/5(0), 
A^o (p,m)>c, peT^\Us{Q) 

hold. 

(ii) Let z = m be an eigenvalue o/ft^o (0). Then: 
{Hi) for any p G Us{Q) and z < m the following expansion holds 

A^o(p,z) = A;|^(z) + A;|^(p,z); 



(M2) the inequality 



holds, for some c > 0. 



Apo(p, m)>cp^ peUs{0), 



Remark 3.3. Lemma \T2\ sives threshold energy expansions for the Fredholm determinant, 
leading to different behaviors for a threshold energy resonance resp. eigenvalue. 

4. The essential spectrum of the operator H 
In this section we exhibit the location of the essential spectrum of the model operator 

H. 

Set 

S = U^^i UpeT3 (Jd{h^^ (p)) U [m, M], 

where <Jd{h^^ [p)) is the discrete spectrum of the operator /i^^ (p), p G T^. 
Let : £2((Tr3)^) ^ i2(T^), a = 1, 2, be the operator defined by 

{<^if)iq)^ f fi{t)f{t,q)dt, {<^2f){p)= I Mt)f{p,t)dt, f eL2{{T')') 

and denote by $* its adjoint. Let Da{z) be the multiplication operator by the function 
A^Jg,z) on L2(T3). 
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It is easy to prove the equality 

(4.1) i-n^^Mz)K^D^iz), zeC\KM], 

where Rq{z) ~ {Hq — zl)^^ is the resolvent of iJg and / resp. I is the identity operator 
on L2(T3)resp. L2((T3)2). 

By Lemma l3Jl for any z e C \ E the inequality A^^ {p, z) holds. Then the operator 
Da{z), z G C \ S, is invertible. Let D~^{z) be its inverse. 

Let T(z), z G C \ S, act in ^^^^(T^) with the entries 

T„„(z) = 0, T„^(z) = ^7Z^D-i(z)$„i?o(^)$;- 

Lemma 4.1. For any z G C \ S the operator T(z) is an Hilbert-Schmidt operator. 

Proof. According to the fact that <^a^*p, a ^ /3, is a compact integral operator one checks 
that for any z G C \ S the operator $Q,i?o(^)*i'^ belongs to the Hilbert-Schmidt class S2. 
Since the operator D~^{z), z G C \ S, is bounded, the operator Tq^(z) also belongs to 
S2. □ 

The following theorem describes the essential spectrum of the operator H by the spec- 
trum of the family /i^^ (p), P G T'^, a — 1,2. 

Theorem 4.2. For the essential spectrum a^ss (H) of the operator H the following equality 
holds 

aessiH) = ULl UpgT^ crrf(V(p)) U [m,M]. 

Proof. The proof of theorem consists of two steps. The inclusion S C Cess {H) is proven 
using Weyl's criterion, as given in f4l (we omit the details). Let us prove the inclusion 

aess{H) C S. 

Denote by R{z) = {H — zl)^^ the resolvent of the operator H. The well known resol- 
vent equation has the form 

(4.2) Riz) = i?o(z) + i?o(z)(MiVi + ti2V2)Riz). 

We observe that Va = <&* $q. Multiplying ( I4.2> from the left side by y/JI^^a and 
setting Jla{z) = y/]I^^aR{z) we get the system of equations 

^a{z) = VA^$ai?o(^) + VM^$ai?o (2) (7^*13^1 (z) + v^$23^2(z)), a =1,2, 
or the following system of three equations 
(4.3) 

(/ - tia^aRo{z)K)^c,{z) = \/A^*ai?o(z) + y/JI^^a.Ro{z)<l>l3ip{z), a = 1,2. 

As we mentioned above (I4.1> the operator (/ - ^q$q-Ro(2;)*I'q) = Da{z), z G C \ E, 
is a multiplication operator on L2(T'') and is invertible. 

Multiplying the equality ( 14. 3> from the left by D'^^{z) we get the Faddeev type equation 

(4.4) 3?(z) = 3?o(z) + T(z)3?(z), 

where D?(z) = (3?i(z), 3^2(2)) and 3lo(z) = {^D^^{z)^iRa{z),^D:^^{z)^2Ro{z)) 
are vector operators. 

From (14. 2> we have the following representation for the resolvent 

(4.5) R{z) = Raiz) + Ro{z)i^^*Mz) + ^^^Ji^iz)). 

Let 3 be the identity operator in _L2^''(T'^). Since ||T(z)|| ^ as z ^ 00 the operator 
T(z) is a compact operator-valued function on C \ S and 3 — T(z) is invertible if z is 
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real and either very negative or very positive. The analytic Fredholm theorem (see, e.g.. 
Theorem VI.IA in (2ll) impUes that there is a discrete set 5 C C \ E so that (3 - T(z))"i 
exists and is analytic in C \ (S U 5) and meromorphic in C \ S with finite rank residues. 
Thus the function {3 - T{z))-^3io{z) = F{z) is analytic in C \ (E U S*) with finite rank 
residues at the points of S. 

Let z ^ 5, Im z 7^ 0, then by (|4H . ( l43t we have F{z) = 3l(z). In particular, 

2 

R{z){H - zl) = (i?o(z) + R^{z) VJ^K^a{z)KH - zl) = I. 

a=l 

By analytic continuation, this holds for any 2 ^ E U S*. We conclude that, for any such 
z, the operator H — zl has a bounded inverse. Therefore cr{H) \ S consists of isolated 
points and only the frontier points of E can possibly be limit points. Finally, since R{z) has 
finite rank residues at z e S*, we conclude that <j{H) \ E belongs to the discrete spectrum 
(Td{H) of H, which completes the proof. □ 

Corollary 4.3. Let the assumptions ofTheorem \2.10\ be fulfilled. Then the essential spec- 
trum aess{H) of H consists of the interval [m, M]. 

Proof. Hvpothesis 12 . 61 and the equality /ij^ = A^^(0, m) yield A^o (0, m) = and hence 
the inequality 

A^o(p,m) =Ai°(A„(0,m)-A„(p,m)) > 0, ^ p G T^. 

Since the function A^o (p, •) is decreasing in (— oo,TOa(p)) by Lemma ITTI we obtain 
hij.0 (p) > TO, 7^ p G T"^. This argument, together with Theorem 14.21 completes the 
proof of Corollarvl431 □ 

4. 1 . Birman-Schwinger principle. We recall that t^ss {H) denotes the bottom of the es- 
sential spectrum and N{z) the number of eigenvalues of H lying below z < t^ss (H). 
For a bounded self-adjoint operator B, we define n(A, B) by 

n{X,B) = sup{dimF : {Bu,u) > \, u e F, \\u\ \ = 1}. 

n(A, B) is equal to infinity if A is in the essential spectrum of B and if n(A, B) is finite, it 
is equal to the number of the eigenvalues of B larger than A. By the definition of N{z) we 
have 

N{z) = n{-z, -H), -z > -T^ss{H). 
In our analysis of the spectrum of H the crucial role is played by the self-adjoint com- 
pact operator T{z), z < Tess{H) in ij^-* (T'^) with the entries 

r„„(z) = 0, T^p{z) = ,/JI^D^^-{z)^Mz)^lDy'{z). 

The following lemma is a realization of the well known Birman-Schwinger principle 
for the operator H (see ||3||22||24| ). 

Lemma 4.4. The operator T{z) is compact and continuous in z < Tess (H) and 

N{z)=n{l,T{z)). 

Proof. This lemma is deduced by the same arguments as well as in (3] 1221 . Set V = 

fj^iVi + /i2V2. Since for any z < t^ss{H) the following relation 

/ e i2((T3)2), [Hf, /) < /) ^ {z)VrI [z)g, g) > [g, g), 
g^{Ro{z)rif,geL2{{T'f), 
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holds, the quantity N(z) in question coincides with n(l, i?Q {z)VR^ (z)), that is, 

N{z)^n{l,4{z)VRl(z)). 

Decompose i?J (z)Fi?| (z)) ^ B*B, with the vector operator B : L2{{T^)'^) 
i^^^(T3) defined by 

B = V7^$2i?j(^))- 
One can see that the operator M (z) = BB* acts in l'"^^ (T^) with the entries 

Ma/3(z) = VM^*ai?o(^)$^, a,/3=l,2. 

Both operators B*B and M{z) = BB* have the same nonzero eigenvalues with the 
same multiphcities. We use this argument to obtain the equality 

(4.6) N{z) ^n{l,M{z)). 

We decompose M{z) into the sum M{z) = Mq{z) + K{z), where 

Ma{z) = diag{Mn{z),M22{z)}, K{z) = 

By ( 14. U the operator / — Maa{z) = Da{z), z < T^ssiH), is invertible and by 
ApO {p, z) > 0, p e T'^, z < Tess{H), it is positive and a direct calculation shows that 
M(z)) = n{l, {3 - Moiz))~^ K{z){3 - Mo(z))-^). Then, to finish the proof, it suf- 
fices to coincide the equality T{z) = (3 - Mo{z))-i K{z){3 - Mo(z))-^ and □ 

5. The finiteness of the number of eigenvalues of the operator H. 

In this section we will prove part (i) of Theorem l2. lOK the finiteness of the number of 
eigenvalues ). We starts the proof with the following assertion 

Theorem 5.1. The operator H has no eigenvalues lying on the right hand side of the 
essential spectrum CTessiH). 

Proof. Since V = +M2V2 is a positive operator and sup(cress {H)) = sup(cr(iJo)) = 
M we have that the operator H = Hq — V has no eigenvalues larger than M. □ 

Now we prove that H has a finite number of eigenvalues on the left hand side of its 
essential spectrum. 

To do this, we use the following two lemmas. 

Lemma 5.2. Let HvDothesis \2J\ be fulfilled. Then there exist numbers Ci,C2,C3 > and 
6 > such that the following inequalities hold 

W Ci{\p\^ + \q\')<u{p,q)~m<C2{\p\^ + \q\') for all p,qeUs{0), 
(ti) u{p, g) - m > C3 for all {p, q) i [/^(O) x [/^(O). 

Proof. By Hvpothesis 12 . 1 1 the point (0, 0) G (T'^)^ is a unique non-degenerated minimum 
point of u. Then there exist positive numbers Ci , C2 , C3 and a (5— neighborhood of (p, q) ~ 
(0, 0) e ij^f so that (i) and (m) hold true. □ 

Lemma 5.3. Let the conditions in part (i) ofTheorem \2.1(J\ be fulfilled. Then the operator 
T{z) belongs to the Hilbert-Schmidt class and is continuous from the left up to z = m. 



/ Mi2(z) \ 
I M2i(z) i ■ 
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Proof. We prove Lemma l53] in the case = /i", and (pi{Q) ~ 0, <y52(0) ^ (the other 
cases are handled in a similar way). 

Since the function ipi e C^^^(T'^) is either even or odd and <yJi(0) = we have 
< C\p\ for any p e and for some C > 0. By virtue of Lemmas 13.21 and 
I5.2l the kernel of the operator Ti2{z), z < 171,15 estimated by 

^ \p\ p^ + q^ ^^\q\ + l'' 

where xs{p) is the characteristic function of Us{0)- 

Since the function is square-integrable on (T"^)^ we have that Ti2{z) and T2i{z) = 
Ti2{z) are Hilbert-Schmidt operator. 

The kernel function of Taf}{z) is continuous in p, g e T"^ and in 2: < m and is square- 
integrable on (T'^)^ as z < m. Now the continuity of the operator T'q^(z) from the left up 
to z = TO follow using Lebesgue's dominated convergence theorem. □ 

We are now ready for the 

Proof of (i) of Theorem 12.101 Let the conditions in part (i) of Theorem 12.101 be ful- 
filled. By Lemma BT^ we have 

N{z) = n{l,T{z)) CIS z <m 

and by Lemma |53] for any 7 e [0, 1) the number n{l — 7, T{m)) is finite. Then for all 

z < m and 7 G (0, 1) we have 

N{z) = n(l, T(z)) < n(l - 7, T(to)) + n{-f, T{z) - T{m)). 

This relation can easily be obtained by using Weyl's inequality 

(5.1) n(Ai + \2,Ai + A2) < n{Xi,Ai) + n(A2, ^2) 

for the sum of compact operators Ai and A2 and for positive numbers Ai and A2. 
By Lemma l53l the operator T{z) is continuous from the left up to z = to and hence 

lim N{z) = N{m) < n(l - 7, T(to)) for all 7 e (0, 1). 

z — ym — O 

Thus 

N('m) < n{l — 7, T{m)) < 00. 
The latter inequality and Theorem IS . 1 I prove the assertion (z) of Theorem l2.10l □ 

6. ASYMPTOTICS FOR THE NUMBER OF EIGENVALUES OF THE OPERATOR H. 

In this section we shall derive the asymptotics i2.4l for the number of eigenvalues of H. 
By Hvpothesis l2. ll we get 

(6.1) u{p, g) = TO + i {li{Up,p) + 2l{Up, q) + hiUq, q)) + 0{\p\^+' + \q\^+') 
as p,q ^ and 

I I — P 

TO„(p)=TO+^4^ {Up,p) + 0{\p\^+^) as p^Q. 

21/3 

Applying the latter asymptotics for nia (p) and using Lemma lS^ we have 

(6.2) A^o (p, z) = 47rV^^^(0) [^^([/p^p) _ 2(to - z)]i + 0{{\p\' + \m - z|)^) 

Ip det(C/)2 

as p, |to — z| ^ 0, where 
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Let T((5; \m — z\) be the integral operator in L^2\^'^) with the kernel 

TaaiS, \m - z\;p,q) = 0, 

1 1 
fx \ I ^ J Xs{p)xs{q){na{Up,p) + 2\fn- z\) {n,3{Uq,q) + 2\m ~ z\) 

la[Up,p) + 2l(Up, q) + lp{Uq,q) + 2|m - z\ 

where xs{') is the characteristic function of the region 
and 

do - -^^k h ■ 

Lemma 6.1. Let the conditions in part (ii) of Theorem \2.10\ be fulfilled. The operator 
T{z) — T{6; \m — z\) belongs to the Hilbert-Schmidt class and is continuous in z < m. 

Proof. Applying asymptotics ( 16. U . i6.2\ and Lemmas l3.2ll5.2l one can estimate the kernel 
of the operator Taf}{z) — Tap{5] \m — z\)^ z < rn by the square-integrable function 

V|p|3(p2 + g2)|^|i (|p|2 + |m - + |to- /' 

Hence the operator Tap{z) — TapiS; \m — z\) belongs to the Hilbert-Schmidt class for all 
z < m. In combination with the continuity of the kernel of the operator in z < m this 
gives the continuity of T{z) — T{S; \m — z\) in z < to. □ 



Let us now recall some results from 1221 . which are important in our work. 

Set (7 = £2(8^), where §^ being unit sphere in M^, and cr^^^ — a (B a. 
LetSr, r > 0, be the integral operatorin _L2((0, r), fT*^^)) with the kernel S'a;5(y, i), y ■ 
X — x', X, x' e (0, r), t —< ^, 7/ >, ^, ?7 e S^, where 

(6.3) SUy,t) = 0, ^„^(y,i) = (27r)-2_-^^£^^-- -, 

C0Sh(?/ + rafj)+ Safst 
UaP = Ufja = (7^ ^j-, Tap = -iog—, Sap = Spa 



nh — t ^ Lp V'1'2 

a,/3 = 1,2. 

Let S(A), A e R, be the integral operator on cr'^^^ whose kernel depends on the scalar 
product t =< 1^, 77 > of the arguments ^, 77 G and has the form 

, _2 Uape^^'^'-''^ smh[\{ar CCDS s apt)] 



1 — s^at sinh(7rx) 



For /i > 0, define 

4-oc 

U{^i) = (47r)~i j n{^i,S{\))dX. 

—00 

This function was studied in detail [22] and is very important for the proof of the existence 
of the Efimov effect. In particular, it was proved that U{-) is continuous, U{1) > if 
U12 > 1 and 

lim -r"^7i(^,Sr) = 

r — ^00 Z 

Part (ii) of Theorem 12.101 will be deduced by a perturbation argument based on the 
following lemma (see Lemma 4.7 in L22J)- For completeness, we reproduce the proof 
given there. 
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Lemma 6.2. Let A{z) = Aq{z) + Ai(z), where Aq{z) resp. Ai{z) is compact and 
continuous in z < m resp. z < m. Assume that for some function /(•), f{z) ^ 0, z — > 
TO — the limit 

lim f{z)n{X,Ao{z))^l{X), 
exists and 1{X) is continuous in A > 0. Then the same limit exists for A{z) and 

J{z)n{\,A{z))^l{\). 

Proof. According to Weyl's inequality \5.l\ for any e E (0, 1) we have 

n{X,A{z)) < n{{l - e)X, Aoiz)) + n{eX, Ai{z)), 

n{X,A{z)) > n{{l+e)X,Ao{z)) - n{eX,Ai{z)) 
Since the operator Ai (z) is compact and continuous in 2 < to, we obtain 
;((l + e)A)< lim M f{z)n{X, A{z)) < lim sup f{z)n{X, A{z)) < - e)). 

z — ^m— z — >m — 

Then the continuity of the function Z(A) in A > completes the proof of Lemma l6^ □ 
Remark 6.3. Since is continuous in ji, according to Lemma \6^ anv perturbations of 



the operator Aq(z) defined in Lemma \672\ which is compact and continuous up to z — m 
do not contribute to asymptotics \2.A\ . During the proof of Theorem \6.4\ we use this fact 
without further comments. 



The following theorem is basic for the proof of the asymptotics i2.4l . 
Theorem 6.4. Let the conditions in part (i) ofTheorem \2.10l be fulfilled. Then the equality 



lim l^ogjz — m|| ^n{fi,T{6;\m — z\)) = U{^), /i > 0, 

\m — z\ — >0 



holds. 



Proof. The space of vector-functions w = (wi,u'2) with coordinates having support in 
Us{0) is an invariant subspace for the operator T{S\m — z\). 

Let To{S; | to — z | ) be the restriction of the integral operator T {6\m — z\) to the subspace 

(2) ^ 

L2 {Us{Oj). One verifies that the operator To{6; \m — z\) is unitarily equivalent to the 

(2) 

integral operator To(<5; |to — z\) in {Us{0)) with the kernel 

rW(,5,|TO-z|;p,g) = 0, 

{d, |TO -z\,p,q)- di i^p2 + 2l{p,q) + l,q^ + 2\m-z\ ' 

where 

di = {27r')-Hl^'ll/\ 
Here the equivalence is performed by the unitary dilation 

Y = dtag{Y,,Y2,} : L^^^UsiO)) -> L^^^Mo)), {Y^I){p) = /(C^^^P)- 
The operator To ((5; |to — z\) is unitary equivalent to the integral operator Ti(r) acting 
in L^^''(C/r(0)), where r = |to - and [/^(O) = {p S : \p\ < r), with the kernel 

TW(r;p,9)=0, 

^(1), , _ , {n^p^ + 2)-^l\npq^ + 2)-^l^ 
l^p[r,p,q)-A, i^p2 + 2l{p,q) + W + 2 ' 
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The equivalence is performed by the unitary dilation 

= diag{B,.,Br} : ifV^W) -> 4'V.(0)), {Brf){p) - C-^V^'^ f{^-p)- 
Further, we may replace 

2)-l/^ [npq^ + 2)-^'^ and l^p" + 2l{p, q) + l^q^ + 2 

by 

{na.P^r^'\l-Xi{p))Ar^p1^r"\^-Xi{q)) and l^p^ + 2l{p,q) + lpq\ 

respectively, since the error will be a Hilbert-Schmidt operator continuous up to z = m, 
where xi (•) is a characteristic function of the ball Ui (0). Then we get the integral operator 
T2{r) in i^^V^(O) \ ?7i(0)) with the kernel 

=0, 

"''^ '^'^^ (n,n2)-.lc.p^ + 2l{p,q) + lpq^- 

By the dilation 

M = diag{M,M} : 4^^(J7^(0) \ Ui{0)) L2((0, r), cr^^^), r = l/2\log\m - z\\, 

where {M f){x,w) = e^^^^f{e^w), x G (0,r), w G S^, one sees that the operator 
T2(r) is unitarily equivalent to the integral operator Sr with entries ( 16. 3> . 

The difference of the operators Sr and T{5\ \m — z\) is compact (up to unitarily equiv- 
alence) and hence, taking into account that r = 1/2| log |m — z|, we obtain 

lim \log\z — m\\~^n{ii^T{5]\z — ni\)) = U{p)^ /i > 0. 

|2— m|— 

Theorem l6.4l is proved. □ 

Proof of part {ii) of Theorem l2.10l Let the conditions in part {ii) of Theorem l2.10l be 
fulfilled. Then the equality 

(6.4) lim \log\z-m\\-^n{l,T{z))^U{l) 

\z — m\ — >0 

follows from Lemmas l6.1ll6.2l and Theorem l6.4l Taking into account the equality J6.4> and 
using Lemma l4!4l we complete the proof of part (ii) of Theorem l2.10l □ 
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